Received: August 30, 2000, Accepted: September 25, 2000

HYPER VERSION

Consistency of higher derivative gravity in the brane background

Ishwaree P. Neupane

Department of Physics, Seoul National University Seoul, 151-742, Korea E-mail: ishwaree@phya.snu.ac.kr

Abstract: We consider the theory of higher derivative gravity with non-factorizable Randall-Sundrum type space-time and obtain the metric solutions which characterize the p-brane world-volume as a curved or planar defect embedded in the higher dimensions. We consider the string inspired effective actions of the dilatonic Gauss-Bonnet type in the brane background and show its consistency with the RS brane-world scenario and the conformal weights of the dilaton couplings in the string theory with the appropriate choice of Regge slope (α^′) or Gauss-Bonnet coupling (α) or both. We also discuss a time dependent dilaton solution for a string-inspired fourth-derivative gravity.

Keywords: p-branes, Brane Dynamics in Gauge Theories, Classical Theories of Gravity, Models of Quantum Gravity.

Contents

1. Introduction 1

2. Higher derivative gravity 3

3. Einstein field equations 6

4. Global defect solutions 8 4.1 Domain wall solution 8 4.2 String-like solution 9 4.3 Global monopole-like defect 10

5. Higher derivative field equations 11 5.1 Planar wall solution 12 5.2 Planar string solution 13

6. Dilatonic Gauss-Bonnet gravity 14 6.1 Dilaton in the brane background 14 6.2 Constant dilaton solution 15 6.3 Linear dilaton: time dependent solution 18

7. Discussions and outlook 20

1. Introduction

Initially, the higher-dimensional gravity theories [1, 2] were realized with the assumptions that the realistic Kaluza-Klein theories [3] require compact extra spatial dimensions, other than 1 + 3 space-time world, of the order of Planck lengths. However, this idea has got a new interest and direction after the intriguing ideas of Randall and Sundrun (RS) that the physical (3 + 1)-dimensional space-time world can be embedded as a hypersurface in a higher-dimensional Anti-deSitter (AdS) bulk space-time [4], leaving the extra non-compact spatial dimensions [5] of the size of mm or even infinite [4, 6]. What is observed crucial about this brane scenario is that at shorter distance than the AdS curvature length, the extra dimensions reveal to change the Einstein gravity significantly and above the AdS radius it is effectively approximated by Einstein’s gravity in 3 + 1 space-time dimension [4, 7], pointing the fact that the correction is much suppressed as the number of transverse extra dimensions grow [8]. This has left room for the gravity (and possibly the spin 0 counterpart of graviton, i.e. dilaton) to flow freely in the bulk, whereas the standard matter particles are effectively confined in the brane. Such localization of matter on the brane [4, 8, 9] has changed our conventional wisdom on KK theories [3], i.e. the size of extra dimensions does not have to be 1/M_{pl} ∼ 10^{−33} cm, but could be much bigger.

In most of recent work [8]–[14] to the solution of Einstein equations in n ≥ 1 extra dimensions, the 3 + 1 dimensions of our world is identified with the internal space of topological defects residing in a higher-dimensional space-time. Specifically, the 3-brane world volume is pictured as a domain wall propagating in the five-dimensional bulk space-time [4, 9], as a local string defect residing in the sixdimensional space-time [8]–[11], as a global monopole defect with a conical deficit angle in seven-dimensional space-time [14] and its continuation with the co-dimensions four characterizes the instanton solution which describes the quantum nucleation of a five-dimensional brane-world [13, 14]. Most of these and similar work have been judged only from the solutions to Einstein gravity in the extra dimensions. Also in [15] an idea about the creation of a spherically symmetric brane-world for a 1-brane and a 3-brane in the context of Wheeler-De Witt equation and WKB approximation is furnished. Thus, in this paper, we shall find metric solutions that also include the contribution from higher-curvature terms in the field equations and describe the p-brane object as a curved or planar defect residing in the higher dimensions.

In order to check the compatibility of the various string inspired low energy effective actions under the brane scenarios and to realize the very natural and more fundamental theory of gravity one cannot avoid the higher order curvature terms in the effective action. This is so from the different perspectives such as the renormalizibility and the asymptotic freedom of the theory in 4 dimensions [16], and for the stabilization of the scalar potential [2] in the bulk. Also the action containing second powers of the curvature tensors naturally arise in the string effective action [17]. This has further attraction with the hope that some versions of the higher derivative gravity represent the supergravity duals when R and Λ are the leading order and higher derivatives are of next to leading order in large-N expansion (see [18] and references therein). The effective action containing just R cannot stabilize the scalar potential defined in the bulk, otherwise, the bulk gauge sector appears in conflict with the large extra dimensions [2, 6].

An investigation of the higher derivative gravity by adding a dilatonic potential to the effective action is made in ref. [19] where a naked singularity in AdS_5 bulk persists for the finite (3 + 1)-dimensional Planck mass and dilaton potential acts as the bulk cosmological constant. Also various static and inflationary solutions of the R-S model in Gauss-Bonnet combination have been studied in [20]. But, what is missing in these models is either dilaton field or the proper coupling of dilaton field to the higher-curvature terms or both. So we consider the string inspired effective action [21, 22, 23] in dilatonic Gauss-Bonnet combination taking the proper care of conformal weights of the dilaton couplings. A work along this line is recently reported in [24].

The paper is organized as follows. In the next section we give the solutions to higher derivative gravity in the background of Ricci constant curvature space-time. In section 3 we derive the Einstein field equations for a non-factorizable general metric ansatz and will be subsequently utilized in section 4 to obtain the metric solutions corresponding to higher-dimensional defects. In section 5 we also include the contribution of the higher curvature terms to the field equations and find the metric solutions characterizing planar wall and planar string defects. In section 6 we consider string inspired effective actions in dilatonic Gauss-Bonnet combination and study the compatibility of the theory with RS type space-time and the conformal weights of the dilaton couplings derived from the heterotic type-I string theory in five space-time dimensions. Our discussions and outlook of the problems are summarized in section 7.

2. Higher derivative gravity

The most general effective action involving invariants with mass dimension ≥ 4 and vanishing torsion and dilaton field for the higher derivative gravity is given by S = ∫ d^{d+1}x √ −g { R 2κ^2

− Λ_b + λ^′ ( αR^2 + βR_{AB}R^{AB} + γR_{ABCD}R^{ABCD} ) } + + S_B + S_m , (2.1)

where Λ_b is the bulk cosmological constant, S_B is the boundary action and S_m is the matter action which may include the matter trapped in the p-brane and the D(= d + 1)-dimensional mass term is defined by κ^2 = 8πG_{d+1} = 8πM^{1−d}. Here we set the string coupling λ^′ = α^′/8g^2_s = 1 for simplicity and but the effective action with the proper couplings of dilaton field to the higher order curvature terms will be presented in section 6.

The classical field equations derived by varying the above action w.r.to g^{AB} can then be expressed in the form

G_{AB} + κ^2X_{AB} = −κ^2(Λ_bg_{AB} − T_{AB}) , (2.2) where the energy-momentum tensor is defined in the well-known form T_{AB} = − 2 √ −g δS_m δg^{AB} = − 2 √ −g δ δg^{AB} ∫ d^{d+1}x √ −g L_m , (2.3)

G_{AB} = R_{AB} − g_{AB}R/2 and X_{AB} is given by X_{AB} = − 1 2 g_{AB}(αR^2 + βR_{CD}R^{CD} + γR_{CDEF} R^{CDEF} ) + + 2[αRR_{AB} + βR_{ACBD}R^{CD} + γ(R_{ACDE}R_B^{CDE} − 2R_A^C R_{BC} + + 2R_{ACBD}R^{CD})] − (2α + β + 2γ)(∇_A∇_B R − g_{AB} ∇^2R) + + (β + 4γ)∇^2G_{AB} , (2.4)

where A, B, . . . denote the D(= d + 1)-dimensional space-time indices and the signature we follow is (−, +, +, +, . . .). The last line of the above expression vanishes for two cases, i.e. (i) for the Gauss-Bonnet relation (i.e. 4α = −β = 4γ) and (ii) for the background metric of Ricci constant curvature space-time (in which case, since R_{AB} ∝ g_{AB} and the curvatures are covariantly constant). To simplify the calculation to a greater extent, we want to keep the freedom in the choice of relations among α, β and γ for the later purpose and mainly consider the second case in what follows below in this section. We briefly review the general features of the action (2.1) at first. The general curvature squared terms in the d spatial dimensions can be written as [23], αR^2 + βR_{AB}R^{AB} + γR_{ABCD}R^{ABCD} = = − [ (d − 1)β + 4γ

4(d − 2) ] R^2_{GB} + ( d − 1 d − 2 ) (β/4 + γ)C^2 + + [ 4dα + (d + 1)β + 4γ 4d ] R^2 , (2.5)

where the Gauss-Bonnet term (R^2_{GB} ) and the square of the Weyl tensor (C^2) are given by R^2_{GB} = R^2 − 4R_{AB} R^{AB} + R_{ABCD}R^{ABCD} , C^2 = 2 d(d − 1) R^2 − 4 d − 1 R^2_{AB} + R_{ABCD}R^{ABCD} . (2.6) Of course, for d = 3, R^2_{GB} is simply the integrand of the Gauss-Bonnet term. Since the Weyl tensor vanishes for a conformally flat AdS metric, with the requirement that 16α + 5β + 4γ = 0 for d = 4, the curvature squared terms naturally arise in the Gauss-Bonnet combination. In the scheme where R^2_{ABCD} can be modified to C^2_{ABCD} the action (2.1) may be deduced from the heterotic string via heterotic type-I duality [21, 22]. Furthermore, the theory with the Weyl term squared corresponds to the setting α = −β/2d = 2γ/d(d − 1). For d = 4 this means α = γ/6, β = −4γ/3 and; evidently, the higher derivative part of the above action is reduced to S = ∫ d^{d+1}x √ −g ( R 2κ^2 − Λ_b + γC_{ABCD}C^{ABCD} ) + S_m + S_B . (2.7)

With T_{AB} = 0, the theory defined by the above action (2.7) can have only the flat space-time as the vacuum solution. Forthermore, the Einstein gravity with the cosmological constant term is characterized by the setting α = β = γ = 0, i.e. S = ∫ d^{d+1}x √ −g ( R 2κ^2 − Λ_b ) + ∫ d^dx √ −gL_m + S_B . (2.8)

This gives (with S_B = 0 and T_{AB} = 0) R_{AB} − g_{AB}R/2 = −κ^2Λ_bg_{AB} and the corresponding (d + 1)-dimensional Ricci curvature and Ricci scalar are then given by R_{AB} = − d l^2 g_{AB} , R = − d(d + 1) l^2

, (2.9)

where the square of the curvature radius is defined by l^2 = −d(d − 1)/2κ^2Λ_b. For d = 3, this is the square of the scalar curvature radius in the Minkowski space-time. In our notations AdS(dS) solution corresponds to Λ_b < 0, l^2 > 0 (Λ_b > 0, l^2 < 0). We assume that, for d + 1 = 5, the equations of motion derived from (2.1) can have a solution describing the AdS_5 spacetime. This is indeed the case and whose metric solution is given by [18],

ds^2 = 1 r η_{μν} dx^μdx^ν + l^2 4r^2 dr^2 . (2.10)

This is actually a conformally flat AdS metric solution. For AdS_5, the scalar, Ricci and Riemann curvatures (derived from the metric (2.10) or eq. (2.9)) are given by (l^2 > 0), R = − 20 l^2 , R_{AB} = − 4 l^2 g_{AB} , R_{ABCD} = − 1 l^2

(g_{AC} g_{BD} − g_{AD}g_{BC} ) , l^2 > 0 . (2.11)

This simply implies that the vacuum solution of Einstein gravity is equivalent to the higher derivative gravity theory with constant Riemann curvature bulk AdS. One then easily evaluates R_{ACDE} R_B^{CDE} = − 2d l^4 g_{AB} , R_{ABCD}R^{ABCD} = − 2d(d + 1)

l^4

. (2.12)

This shows that space-time with constant Riemann curvature characterizes the AdS_{d+1} with Λ_b < 0 and l^2 > 0. The relations (2.11) and (2.12) are equally applied to the (d + 1)-dimensional conformally flat metric solution given by

ds^2 = 1 r η_{μν} dx^μdx^ν + l^2 4r^2 dr^2 + 1 r d^{n−1}X^2 , (2.13) where d^{n−1}X^2 denotes the (n − 1)-dimensional flat space metric. With the above subtitutions into eq. (2.2) with T_{AB} = 0, the field equations reduce to the following form: d(d − 1) 2κ^2l^2 − d(d − 3) l^4

[d(d + 1)α + dβ + 2γ] + Λ_b = 0 . (2.14)

There exists two classes of general solutions of eq. (2.14), i.e. (i) for l^2 → ∞: the solution is a flat Minkowski space-time with Λ_b → 0 and (ii) for the vanishing bulk cosmological constant, (Λ_b = 0), one has

l^2 =

2(d − 3) d − 1 [d(d + 1)α + dβ + 2γ]κ^2 , (2.15)

therefore, for d > 3, there exist AdS(dS) solution if the quantity in the parenthesis is positive (negative). However for other values of d, viz d ≤ 3, the case is less interesting. Specifically, the curvature diverges for d = 3 and d = 1 characterizes a flat space solution. For d = 2, the space-time would be dS (AdS) when the quantity in the parenthesis is positive (negative). Equation (2.14) is solved for l^2 if, ( d(d − 1) 2κ^2

)_2 + 4d(d − 3) [d(d + 1)α + dβ + 2γ] Λ_b > 0 . (2.16)

A connection of this result to the Supergravity dual of N = 2 Sp(N) and superconformal field theory is discussed in [18]. With the Gauss-Bonnet relation, i.e. α = −β/4 = γ, eq. (2.16) implies α > − d(d − 1) 16Λ_b(d − 2)(d − 3) 1 κ^4

. (2.17)

This implies that for d > 3 and α > 0, the bulk space-time is always AdS. And for the free parameters α, β, γ, the space-time can be guaranted as AdS_{d+1} if the following inequality holds,

4Λ_bd(d − 3)[d(d + 1)α + dβ + 2γ] < 0 . (2.18)

3. Einstein field equations

In this section we consider a general non-factorizable metric ansatz which might respect the 4d Poincaré invariance. More specifically, we consider the the presence of the brane and gravity. Due to the gravitational field on the brane, the brane can be curved and this would eventually rise to give a non-zero cosmological constant in 3 + 1 space-time dimensions. A (d + 1)-dimensional metric ansatz satisfying this assumption is ds^2 = g_{AB}dx^Adx^B = g_{μν} dx^μdx^ν + γ_{ij}dx^idx^j = e^{−2M(r)}ĝ_{μν} dx^μdx^ν + e^{−2N(r)}(dr^2 + dΩ^2_{n−1}) , (3.1) where μ, ν, . . . denote the space-time indices of the p-brane, and i, j, . . . denote ndimensional extra spatial indices. We also parameterize the (n − 1)-dimensional sphere recursively as dΩ^2_{n−1} = dθ^2_{n−1} + sin^2 θ_{n−1}dΩ^2_{n−2} . (3.2)

So the equality d = p + n holds and in this paper we concentrate on the case of p ≥ 3. For simplicity one can reparametrize the ansatz with the transformation dy = e^{−N(r)}dr so that

ds^2 = e^{−2 U(y)}ĝ_{μν} dx^μdx^ν + dy^2 + e^{−2V (y)}dΩ^2_{n−1} , (3.3)

where y is the bulk coordinate. Ofcourse, for d+1 = 5 and ĝ_{μν} = η_{μν} , U(y) = (1+k|y|) would explain the RS type solution, where k has the inverse dimension of AdS_5 curvature radius. Variation of the action (2.8) with respect to the (d+1)-dimensional metric tensor g_{AB}, with S_B = 0, leads to the Einstein’s equations, R_{AB} − 1 2 g_{AB}R = −κ^2 (Λ_bg_{AB} − T_{AB} ) . (3.4)

Here, we are interested to consider a spherically symmetric ansatz for the energymomentum tensor in the form

T^μ_ν = δ^μ_ν ρ_o(y) , T^r_r = ρ_y(y) , T^{θ1}_{θ1} = T^{θ2}_{θ2} = · · · = T^{θn−1}_{θn−1} = ρ_θ(y) , (3.5)

where ρ_i(i = 0, y, θ) are the brane sources defined in a general (d + 1)-dimensional space-time. With the metric ansatz (3.3), we evaluate the followings non-trivial components of the Einstein tensor,

G_t^t = p [ (n − 1)U^′V^′ − U^{′′} +

(p + 1) 2 (U^′)^2 ] − n − 1 2 [ 2V^{′′} − n(V^′)^2 + (n − 2)e^{2V} ] − − Λ_pe^{2U} , (3.6)

G_y^y = p + 1 2 [ 2(n − 1)U^′V^′ + p(U^′)^2 ] + (n − 1)(n − 2) 2 [ (V^′)^2 − e^{2V} ] − − p + 1 p − 1 Λ_pe^{2U} , (3.7)

G_θ^θ = p + 1 2 [ (p + 2)(U^′)^2 − 2U^{′′} + 2(n − 2)U^′V^′ ] − n − 2 2 [ 2V^{′′} − (n − 1)(V^′)^2 ] − − (n − 2)(n − 3) 2 e^{2V} − p + 1 p − 1 Λ_pe^{2U} . (3.8)

In general, the Ricci scalar corresponding to the metric ansatz (3.3) is R = 2(p + 1) p − 1 Λ_pe^{2U} + (p + 1)(2U^{′′} − (p + 2)(U^′)^2 − 2(n − 1)U^′V^′) +

+ (n − 1){2V^{′′} − n(V^′)^2 + (n − 2)e^{2V} } , (3.9) where the^′ denotes the differentiation d/dy. In deriving the above equations we have utilized the (p + 1)-dimensional Ricci scalar, R̂ = 2Λ_p(p + 1)/(p − 1) obtained from the (p + 1)-dimensional Einstein equation R̂_{μν} − 1 2 ĝ_{μν}R̂ = −Λ_pĝ_{μν} . (3.10) Here we define the cosmological constant on the p-brane by the relation Λ_p = 8πΛ_{phy}M^{p−1}_{pl} , and Λ_{phy} is the physical cosmological constant defined in usual (3 + 1) space-time. By eliminating two of the above equations or equivalently by using the energy momentum conservation law, ∇^AT_{AB} = 0, we get (p + 1)(ρ_y − ρ_0)U^′ + (n − 1)(ρ_y − ρ_θ)V^′ = ρ^′_y , (3.11) which is just the (d + 1)-dimensional Bianchi identity derived from the Einstein field equations, i.e., after substituting (3.6)–(3.8) and (3.5) into (3.10).

4. Global defect solutions

For the completeness we briefly discuss on the Eintein gravity (i.e. α = β = γ = 0) in higher dimensions, n ≥ 1, and identify the p-brane world volume as the internal space of topological defect residing in the higher-dimensional space-time. 4.1 Domain wall solution For the codimension one, n = 1, the Einstein field equations (3.4) with (3.6)–(3.8), and the ansatz (3.5), reduce to the following form:

2pU^{′′} − p(p + 1)(U^′)^2 = 2κ^2[Λ_b − ρ_0(y)] − 2Λ_pe^{2U} , (4.1) −p(p + 1)(U^′)^2 = 2κ^2[Λ_b − ρ_y(y)] −

2(p + 1) p − 1 Λ_pe^{2U} , (4.2)

and the Bianchi identity (3.11) turns to the simpler form ρ^′_y = (p + 1)(ρ_y − ρ_0)U^′ . (4.3) Now we consider the geometry having a warp factor, that is, U(y) = u|y|, where u is a constant. This ensures the localization of gravity to the p-brane. With this ansatz, one easily solves eqs. (4.1) and (4.2) to get the following general metric solution [4, 9] ds^2 = e^{−2u|y|}ĝ_{μν} dx^μdx^ν + dy^2 , (4.4) where R̂_{(p+1)} = (p + 1)κ^2(ρ_0 − ρ_y)e^{−2u|y|} , (4.5) u^2 = κ^2 p(p + 1)

[(p + 1)ρ_0 + (p − 1)ρ_y − 2Λ_b] . (4.6)

For the physically interesting case of 3-brane, one has the following general solutions: R̂_{(4)} = 4Λ_p = 4κ^2(ρ_0 − ρ_y)e^{−2u|y|} , u^2 = κ^2 6 (2ρ_0 − ρ_y − Λ_b) . (4.7) There exists two special special cases of these general solutions: i.e.

(i) for the trivial sources in the extra dimensions (i.e. ρ_0 = ρ_y = 0), one has

R̂_{(4)} = 32πΛ^{phy}

M^2_{pl}

= 0 , u = √ − 4πΛ_b 3M^3_{(5)}

(4.8)

and hence the solution with Λ_b < 0 ensures the bulk geometry as AdS_5 and the brane geometry as Ricci flat with Λ_{phy} = 0, and (ii) the constant source terms in the extra dimensions (i.e. ρ_0 = ρ_y = const) correspond to the spontaneous symmetry breaking in the extra dimensions.

For the second case one has

R̂_{(4)} = 0 , u = √ 4π(ρ_0 − Λ_b) 3M^3_{(5)}

. (4.9)

Clearly, ρ_0 > Λ_b guarantees the positivity of u and exponentially decreasing warp factor needed to explain the hierarchy between electroweak scale and Planck scale mass [6, 4] and the fine tuning ρ_0 = Λ_b characterizes a flat 5d Minkowski space-time solution.

4.2 String-like solution For the case of n = 2 the field equations reduce to the form

V^{′′} − (V^′)^2 − puV^′ − p(p + 1) 2 u^2 = κ^2(Λ_b − ρ_0) − Λ_pe^{2u|y|} , −(p + 1)uV^′ − p(p + 1) 2 u^2 = κ^2(Λ_b − ρ_y) −

(p + 1) (p − 1) Λ_pe^{2u|y|} , − (p + 1)(p + 2) 2 u^2 = κ^2(Λ_b − ρ_θ) −

(p + 1) (p − 1)

Λ_pe^{2u|y|} , (4.10)

and the Bianchi identity (3.11) yields ρ^′_y = u(p + 1)(ρ_y − ρ_0) + (ρ_y − ρ_θ)V^′ . (4.11) Solving the above field equations, the general metric solution can be expressed in the form ds^2 = e^{−2u|y|}ĝ_{μν} dx^μdx^ν + dy^2 + e^{−2V (y)}dθ^2 , (4.12) where

u^2 = 1 2(p + 1)(p + 2) { 4κ^2(ρ_θ − Λ_b) + R̂_{(4)}e^{2u|y|} } , V (y) = uy + κ^2 u(p + 1) ∫ dy(ρ_y − ρ_θ) , R̂_{(4)} = κ^2 u (α − ρ_θ)e^{−2u|y|} , (4.13) where α is an integration constant. Notice that the last equation above demands a definite form for ρ_θ. One crucial observation is that the inequality α > ρ_θ keeps R̂_{(4)} positive and (ρ_θ − Λ_b) ≥ 0 ensures the positivity of u^2. Obviously, unlike the case of 3-brane in domain wall solution, where only the case Λ_b < 0 ensures u^2 > 0, for the string like solution one can either have +ve or −ve bulk cosmological constant to guarantee u^2 > 0 if (ρ_θ − Λ_b) > 0 still holds. It is also reported in [9] that for the trivial sources in the extra dimensions, (i.e. ρ_i = 0), only Λ_b < 0 can ensure u^2 > 0. But this is not always the case as long as we do not set the integration constant α = 0. As a specific solution as −ρ_y = ρ_θ = α = constant, spontaneous symmetry breaking condition in the extra dimensions [12, 9], one obtains

ds^2 = e^{−2u|y|}η_{μν} dx^μdx^ν + dy^2 + r^2_0e^{−2u0|y|}dθ^2 , (4.14)

where

u^2 =

2κ^2 (p + 1)(p + 2)

(ρ_θ − Λ_b) > 0 , u_0 = u −

2κ^2ρ_θ u(p + 1)

, R̂_{(4)} = 0 . (4.15)

4.3 Global monopole-like defect

The above procedure may not directly apply to n ≥ 3, because for n = 1 and n = 2 the extra space is either flat or conformally flat, but for n ≥ 3 the extra space is curved and hence the defect solution essentially introduces a solid angle deficit in the extra dimensions. The case is true even if one includes the highercurvature terms into the field equations and assume R̂_{(4)} = 0. As gestured in [25] the location of such defect in the brane might act as window in the higher dimensions. In the conventional Kaluza-Klein theory, our universe in higher dimensions has the topology of M_4 ⊗ K, where K is the compact manifold and the isometries of K can be seen as gauge symmetries of the effective four-dimensional theory [26] and the 5-dimensional space-time manifold is factorized as M_4 ⊗ S^1. However, in the brane set up with a non-factorizable geometry since the role of the gauge fields is played by the extra components of the graviton [6], the gauge fields may get mass when at least part of the K isometries spontaneously break down in the extra dimensions by the brane. This effect can be observed as the Higgs phenomena in the usual

(3 + 1)-dimensional world [25]. This may suggest that a hedge hog type scalar field may explain the monopole defect in the extra dimensions. This is indeed the case as we see in ref. [14] and also qualitatively discussed in [25].

So one can consider the case of n ≥ 3 with the radial hedge hodge type solution as in ref. [14] which characterizes a global monopole defect in the extra dimensions. With this in mind the source terms can be described by a multiplet of n scalar fields Φ^a = υy^a/y, where υ is the VEV at the minimum of the n-sphere, y is the extra radial coordinate. Since ρ_0(y) = ρ_y(y) = −(n − 1)υ^2/2y^2 and ρ_θ(y) = −(n − 3)υ^2/2y^2, the identity (3.11) implies that V^′(y) = −1/y. This brings the non-trivial term e^{2V} to the simple form and hence one can solve the Einstein equations explicitly by making an appropriate ansatz for U(y). Since this paper mainly focuses on the dynamics with higher order curvature terms, an investigation of such defect solutions deserves as a topic for separate publication.

5. Higher derivative field equations

In this section we shall confine ourselves to the case where the geometry is Gauss- Bonnet type (i.e. 4α = −β = 4γ) with the vanishing (3+1)-dimensional cosmological constant. Therefore, our metric ansatz will be

ds^2 = e^{−2 U(y)}η_{μν} dx^μdx^ν + dy^2 + e^{−2V (y)}dΩ^2_{n−1} . (5.1)

Using the Gauss-Bonnet relation, one can rewrite X_{AB} from eq. (2.2) in the following form: X_{AB} = 2α ( Y_{AB} − 1 4 g_{AB}R^2_{GB} ) = 2αL_{AB} , (5.2)

where Y_{AB} is expressed by Y_{AB} = RR_{AB} − 2R_{ACBD}R^{CD} + R_{ACDE}R_B^{CDE} − 2R_A^C R_{BC} . (5.3) In 3+1 dimensions L_{AB} is the covariantly conserved Lanczos vector. With the metric ansatz (5.1) we evaluate the following quantities in the most general forms

R^2_{GB} = (p − 1)p(p + 1) [ (p + 2)(U^′)^4 − 4(U^′)^2U^{′′} ] + + 2p(p + 1)(n − 1){np + 2(p + 1)(n − 2)}(U^′)^2(V^′)^2 + + 4p(p + 1)(n − 1) [ (p + 1)(U^′)^3V^′ − 2U^′U^{′′}V^′ − p(U^′)^2V^{′′} ] − − 4(n − 1)(n − 2)(p + 1) [ U^{′′}(V^′)^2 + 2U^′V^′V^{′′} − (n − 1)U^′(V^′)^3+ + { (p + 2) 2 (U^′)^2 − U^{′′} } e^{2V} ] + + 2(n − 1)(n − 2)(n − 3) [ 2V^{′′} − (n − 2)(V^′)^2 − 2(p + 1)U^′V^′ ] e^{2V} +

+ (n − 1)(n − 2)(n − 3)(n − 4)e^{4V} , (5.4)

Y_t^t = (p − 1)p [ (p + 1)(U^′)^4 − 3(U^′)^2U^{′′} ] + + (n − 1){(n − 2)(3p + 1) + 2p}(U^′)^2(V^′)^2 −

− 4p(n − 1)U^′U^{′′}V^′ + p(n − 1) 2 [ 2(3p + 1)(U^′)^3V^′ − (p + 1)(U^′)^2V^{′′} ] − − (n − 1)(n − 2) [ U^{′′}(V^′)^2 + (n − 2)U^′(V^′)^3 +

(p + 1) 2 U^′V^′V^{′′} ] + + (n − 1)(n − 2) [ U^{′′} − (p + 1)(U^′)^2 − (n − 3)U^′V^′ ] e^{2V} , (5.5)

Y_y^y = (p − 1)p(p + 1) [ (U^′)^4 − (U^′)^2U^{′′} ] + (n − 1)(p + 1)(n + p − 2)(U^′)^2(V^′)^2 +

+ p(p + 1)(n − 1) [ 2(U^′)^3V^′ − 2U^′U^{′′}V^′ − (U^′)^2V^{′′} ] + (n − 1)(n − 2)(p + 1)× × [ U^′(V^′)^3 − 2U^′V^′V^{′′} − U^{′′}(V^′)^2 + {U^{′′} − (U^′)^2}e^{2V} ] + (n − 1)(n − 2) × × (n − 3) [ (V^′)^2V^{′′} + (V^′)^4 + {V^{′′} + (V^′)^2}e^{2V} ] , (5.6)

Y_θ^θ = p(p + 1) [ (p + 1)(U^′)^3V^′ − (U^′)^2V^{′′} − 2U^′U^{′′}V^′ ] + (p + 1)(n − 2) × × [ (3n − 5)U^′(V^′)^3 − 2U^{′′}(V^′)^2 − 4U^′V^′V^{′′} + {2U^{′′} − (p + 2)(U^′)^2}e^{2V} ] + + (p + 1){p(n − 1) + 2(n − 2)(p + 1)}(U^′)^2(V^′)^2 + (n − 2)(n − 3) × (5.7) × [ {3V^{′′} − (2n − 5)(V^′)^2 − 3(p + 1)U^′V^′}e^{2V} − 3V^{′′}(V^′)^2 + (n − 1)(V^′)^4 ] . 5.1 Planar wall solution In this subsection, we solve the higher derivative field equations for n = 1. These are the generalization of the well-known domain wall solution but includes contribution of higher-curvature terms into the field equations. Since the brane that we are considering is characterized by a conformally flat metric, we shall call the brane object a planar wall (i.e. R̂_{(4)} = 0) embedded in the bulk AdS_5. With the metric (5.1), the field equations (2.2) reduce to the form

p(p + 1) 2 u^2 −

(p − 2)(p − 1)p(p + 1) 2 ακ^2u^4 = −κ^2(Λ_b − ρ_0(y)) , (5.8) p(p + 1) 2 u^2 −

(p − 2)(p − 1)p(p + 1) 2 ακ^2u^4 = −κ^2(Λ_b − ρ_y(y)) . (5.9)

Clearly we see that the planar wall solution, i.e. n = 1 and R̂_{(4)} = 0, requires the constant source terms in the extra dimensions, i.e. ρ_o(y) = ρ_y(y), and we obtain

u^2 = 1 ± √ 1 +^{8(p−1)(p−2)} p(p+1) ακ 4(Λ_b − ρ_y) 2(p − 1)(p − 2)ακ^2

(5.10)

whose metric solution is given by (4.4). For the 3-brane both the positive and negative root solutions are allowed if the inequality 0 ≤ ακ^4(ρ_y − Λ_b) ≤ 3/4 holds.

This also does not rule out the positive bulk cosmological constant. Clearly, unlike the case in domain wall solution, where ρ_0 = Λ_b implies both R̂_{(4)} = 0 and u = 0, the planar wall solution corresponds to u = 0 or M^3_{(5)}/16πα. We remind the reader that the case α = 0 does not correspond to the Einstein gravity as long as the 3-brane we are considering remains flat.

5.2 Planar string solution

Now we turn to the case of co-dimensions two, i.e. n = 2. With ansatzs (3.5) and (5.1) the field equations (2.2) then reduce to the form − ( 1 − a(p + 1) 2(p − 1) u^2 ) V^{′′} + (1 − au^2){(V^′)^2 + puV^′}+ + p(p + 1) 2 u^2 −

(p − 2)(p + 1) 4 au^4 = −κ^2(Λ_b − ρ_0) , (5.11)

(p + 1)(1 − au^2)uV^′ + p(p + 1) 2 u^2 −

(p − 2)(p + 1) 4 au^4 = −κ^2(Λ_b − ρ_y) , (5.12) (p + 1)(p + 2) 2 u^2 −

(p + 1)(p + 2) 4 au^4 = −κ^2(Λ_b − ρ_θ) , (5.13)

where a = 2p(p − 1)ακ^2. We solve these equations for the physically interesting case of 3-brane and obtain, whose general metric solution is given by (4.12) with ĝ_{μν} = η_{μν} , the following coefficients:

u^2 = 1 ± √ 1 + aκ^2(Λ_b − ρ_θ)/5 a , V (y) = uy b + ακ^4u 10 ∫ (4Λ_b − 5ρ_y + ρ_θ) b(1 + b) dy , (5.14)

where b = √ 1 + aκ^2(Λ_b − ρ_θ)/5 and a = 12ακ^2. The identity derived from the equations. (5.11)–(5.13) turns out to be

b{(V^′)^2 − V^{′′} − U^′V^′} + √ 5κ^2(ρ_0 − ρ_y) = 0 . (5.15)

For simplicity we choose the positive root of u^2. For the specific choice as Λ_b = ρ_y = ρ_θ, i.e. either the sources are trivial along with Λ_b = 0 or they are the constant (i.e. ρ_y = ρ_θ = Λ_b) in the extra dimensions, the general metric solution is given by (4.14), and just for the trivial sources (ρ_i = 0) one has

ds^2 = e^{−2u|y|}η_{μν} dx^μdx^ν + dy^2 + r^2_0e^{−2u0|y|b−1} dθ^2 , (5.16)

where the additional warp factor b^{−1} is given by b = √ 1 + 12ακ^4Λ_b/5. Either with the vanishing bulk cosmological constant or the specific tuning condition, i.e. Λ_b = ρ_θ, one gets b = 1 and hence the metric solution again reduces to (4.14).

6. Dilatonic Gauss-Bonnet gravity

6.1 Dilaton in the brane background

In this section we consider the string inspired higher derivative gravity action in the dilatonic Gauss-Bonnet combination and study its compatibility with the RS type non-factorizable metrics (5.1) and the string amplitude computations, in particular the conformal weights of the dilaton couplings to the higher-curvature terms [21]. The above mentioned action in the low energy limit, by rescaling the dilaton to get standard normalization of the propagator [21], may be written in D(= d + 1)- dimensional space-time as

S_M = ∫ d^{d+1}x √ −g { R − ϵ(y)e^{mΦ} + λ^′e^{nΦ}α(R^2 − 4R_{AB} R^{AB} + R_{ABCD}R^{ABCD}) − − 4 d − 1 (∇Φ)^2 − V (Φ) + · · · } + ∫ ∂B d^dx √ −g_{brane}e^{qΦ(y)}σ̃ , (6.1)

where the last term is the contribution of boundary action defined at the position of p-brane, λ^′ = α^′/8g^2_s > 0, α^′ is the Regge slope, g_s is the string coupling constant, σ̃ is the brane tension, V (Φ) is the dilatonic potential, which and the subsequent terms denoted by dots we set zero in the present consideration.^1 For generality one can keep the conformal parameters m, n, q arbitary in the higher derivative gravity theory coupled to the dilaton. Nevertheless, m and n are fixed for the particular space-time dimensions by matching the coefficients with the tree-level amplitudes to O(α^′) when one restricts the action (6.1) to the effective string amplitudes computations. In the lower dimensions, d < 10, the term ϵ(y) may be realized as the negative of the bulk cosmological constant. So we restrict the action (6.1) in the d + 1 = 5-dimensional space-time. As explored in [27] the RS type brane solutions can not be obtained in the low energy supergravities coming from string theory. A possibility left open in [27] that the higher order curvature corrections in the string theory should allow brane world solutions can be realized if one defines υ(y) = −Λ_b. In this sense the term ϵ(y) is crucial in the obtention of RS type solutions.

The graviton equation of motion derived from the action (6.1) can be expressed in the form, defining e^{nΦ(y)} = f(Φ),

0 = G_{AB} − 1 2 αλ^′f(Φ)(g_{AB} R^2_{GB} − 4Y_{AB}) − 4 3 ( ∇_AΦ∇_B Φ − 1 2 g_{AB} (∇Φ)^2 ) + + 2αλ^′ { R(g_{AB}∇^2 − ∇_A∇_B)f(Φ) − 2g_{AB}∇^C ∇^Df(Φ)R_{CD} − 2∇^2f(Φ)R_{AB} −

− 4∇_C f(Φ)∇^C R_{AB} + 4∇_{(A}∇_{|C|}f(Φ)R_{B)}^C +

1When this paper was being typed the reference [24] with similar effective action appeared in the lanl e-Print archive where the form of potential −V (Φ) = c_2f(Φ)(∇_AΦ)^4 + · · · is also included

+ 4∇_C f(Φ)∇_{(A}R_{B)}^C + 2∇^{(C} ∇^{D)}f(Φ)R_{ACBD} } + + 1 2 g_{AB}ϵ(Φ)e^{mΦ} − e^{qΦ(y)} √ −g_b 2 √ −g δ^μ_Aδ^ν_B (g_b)_{μν} σ , (6.2)

while the dilaton equation of motion is given by

0 = αλ^′f^′(Φ)R^2_{GB} + 8 3 ∇^2Φ − mϵ(y)e^{mΦ} + qe^{qΦ} √ −g_b √ −g δ^μ_Aδ^ν_B(g_b)_{μν} σ . (6.3)

In eq. (6.3) prime denotes the differentiation w.r. to Φ, R^2_{GB} is the Gauss-Bonnet term, Y_{AB} was defined previously in the section 5 and σ = σ̃δ(y). With the metric ansatz (5.1), for d + 1 = 5, the field equations (6.2) and (6.3) reduce to the following forms:

12λ^′αe^{nΦ}{(U^′)^4 − (U^′)^2U^{′′} − 3n(U^′)^3U^{′′} + n^2(U^′)^2(Φ^′)^2 + 2nU^′U^{′′}Φ^′+

+ n(U^′)^2Φ^{′′}} − 6(U^′)^2 + 3U^{′′} − 2 3 (Φ^′)^2 − 1 2 ϵ(y)e^{mΦ} + 1 2 e^{qΦ}σ = 0 , (6.4)

12λ^′αe^{nΦ}{(U^′)^4 − 4n(U^′)^3Φ^′} − 6(U^′)^2 + 2 3 (Φ^′)^2 − 1 2 ϵ(y)e^{mΦ} = 0 , (6.5)

24nλ^′αe^{nΦ}{5(U^′)^4 − 4(U^′)^2U^{′′}} + 8 3 Φ^{′′} − 32 3 U^′Φ^′ − mϵ(y)e^{mΦ} + qe^{qΦ}σ(y) = 0 . (6.6)

Here the primes denote differentiation w.r. to the fifth bulk coordinate(y). Notice that for the case of constant dilaton field w.r.t. y (i.e. Φ(y) = Φ_0, Φ^′(y) = Φ^{′′}(y) = 0) and the bulk geometry having a warp factor U(y) = u|y|, where u is some constant function, the first two equations in the bulk reduce to a single equation, i.e.

−12u^2 + 24λ^′αe^{nΦ0} u^4 − ϵ(y)e^{mΦ0} = 0 . (6.7)

This implies that in the bulk because of the Bianchi identities there could only be two independent equations. To see this explicitly from the equations (6.4)–(6.6) one can formally arrive at the following identity (see also [24])

e^{qΦ(y)}σ(y){4U^′(y) − qΦ^′(y)} − e^{mΦ}ϵ^′(y) = 0 . (6.8)

When one defines ϵ(y)(= −Λ_b) as the bulk cosmological constant, then the requirement that ϵ^′(y) = 0 equally avoids the breaking of Poincaré invariance in the bulk [4, 5, 24].

6.2 Constant dilaton solution One can solve the above field equations with the constant dilaton in the bulk, i.e. the dilaton remains constant w.r. to the radial bulk coordinate, Φ(y) = Φ_0. This can also be associated with the D3-brane solution of certain version of the string theories. For this case, the Bianchi identity (6.8) is reduced to

4e^{qΦ0} U^′(y)σ̃δ(y) = 0 , (6.9) which is trivial since δ(y) = 0 in the bulk. And the field equations (6.4) and (6.5) reduce to the following forms: d dy (8λ^′α(U^′)^3e^{nΦ0} − 6U^′) = e^{qΦ0}σ̃δ(y) , (6.10)

ϵ(y)e^{mΦ0} + 12(U^′)^2 − 24λ^′α(U^′)^4e^{nΦ0} = 0 , (6.11)

where in obtaining eq. (6.10) we have utilized the equation (6.11). In the bulk equation (6.10) implies that

8λ^′α(U^′)^3e^{nΦ0} − 6U^′ = c , (6.12)

where c is an integration constant. For the constant dilaton the additional terms −V (Φ) = c_2f(Φ)(∇_A(Φ))^4 · · · considered in [24] does not affect this equation. As a third-degree equation, (6.12) must have atleast one real solution for the arbitary constant c. Indeed, it gives all three real solutions if we impose a ≤ c/2 ≤ −a, where a = e^{−nΦ0/2}/ √ λ^′α. However, to make the various conformal parameters: m, n, q compatible with the string amplitude computations, one needs to restrictively define the integration constant as c = 8e^{−nΦ0/2}/3 √ 3λ^′α with some suitable junction conditions about the brane position. With this one of the real solutions of eq. (6.10) is given by

U^′(y) = k_+ = −k_− = k = e^{−nΦ0/2} 2 √ 3λ^′α . (6.13)

Obviously, if y > 0 corresponds to the solution U^′(y) = k_+, then y < 0 corresponds to U^′(y) = −k_−. The above choice of c uniquely reproduces the conformal weight of dilaton couplings compatible with string amplitude computations. If one likes, this can also be related to the RS solution. For the vanishing dilaton field this implies k = k_+ = −k_− = 1/(2 √ 3λ^′α). Ofcourse, the solution with k_+ = k_− can not be the R-S solution as this has continuous metric function at y = 0 which violates the symmetry about the brane position. Before going to make any conclusion here, we first give the full treatment of all equations both in the bulk and on the brane and find the general and consistent solutions.

Again, integrating the equation (6.10) over an interval that includes the brane position at y = 0, one gets

e^{qΦ0}σ̃ = −6(k_+ − k_−) + 8λ^′α(k^3_+ − k^3_−)e^{nΦ0} . (6.14)

This relates the k_+, k_− with the brane tension σ̃. Now, one needs to solve eq. (6.9) with the continuity of bulk cosmological constant Λ^′_b(y) = −ϵ^′(y) at the brane position y = 0. Therefore, from (6.11) one has

ϵ(y)e^{mΦ0} = 12k^2_±(2λ^′αe^{nΦ0} − 1) . (6.15)

This implies

ϵ(y)e^{mΦ0} = 12k^2_+(2λ^′αk^2_+e^{nΦ0} − 1) = 12k^2_−(2λ^′αk^2_−e^{nΦ0} − 1) . (6.16)

This equation is solved for (i) k_+ = −k_− = k and (ii) k^2_+ + k^2_− = e^{−nΦ0} /2λ^′α. Notice that for the constant c = 2e^{−nΦ0/2}/ √ λ^′α, eq. (6.10) can have two real solutions as k_± = ±e^{−nΦ0/2}/ √ λ^′α and k_± = ±e^{−nΦ0/2}/2 √ λ^′α which satisfy both the solutions of (6.16) independently. If this is the case, the theory is compatible only with RS type space-time and but not with the string amplitudes computation. The solution which is compatible with both the RS type geometry and the string theory is given by (6.13). And, a possible pair of imaginary solutions is discarded since this demands k^2_+ + k^2_− < 0 and hence λ^′ < 0 for positive α, but this is again not compatible with string amplitude computations. Therefore, for the choice k_+ = −k_− = k, one gets

ϵ(y) = 12k^2(2λ^′αk^2e^{nΦo} − 1)e^{−mΦ0} . (6.17)

Now we solve eq. (6.6) in the bulk, where one can set Φ^′(y) = Φ^{′′}(y) = 0, but proper care should be taken at the brane position, i.e. y = 0 where discontinuity of the function may appear due to the delta function source. Equation (6.6), in conjuction with eq. (6.11) and U^{′′}(y) = 0, reduces to the form

(5n − m)ϵ(y)e^{mΦ0} + 60nk^2_± + qe^{qΦ0}σ̃(y)δ(y) = 0 (6.18)

which, in the bulk, on using (6.15) reduces to the form

2(5n − m)λ^′αk^2_±e^{nΦ0} + m = 0 . (6.19)

For the solution k_+ = −k_− = k one has m = 10nλ^′αk^2e^{nΦ0} 2λ^′αk^2e^{nΦ0} − 1

. (6.20)

If we integrate eq. (6.6) in the neighbourhood of brane position, y = 0, with U^′(y) = k_+ = −k_−, one is left with q ∫_{0+}

0_−

e^{qΦ0}σ̃δ(y) =

∫_{0+}

0_− d dy (32nλ^′αe^{qΦ0} (U^′(y))^3)dy ,

i.e. qe^{qΦ0}σ̃ = 32nλ^′αe^{nΦ0} (k^3_+ − k^3_−) . (6.21)

Equation (6.21) in conjuction with eq. (6.14) implies

σ̃ = 48nk q − 4n e^{−qΦ0} , (6.22)

where q = 16nk^2λ^′α 4k^2λ^′αe^{nΦ0} − 3

. (6.23)

Notice that in the string amplitude computations [22, 21], the conformal parameters m and n are fixed for the given space-time dimensions of the string frame. In d+1 = 5 dimensions, m = 4/ √ 3(d − 1) = 4/3 = −n. With these conformal weights and vanishing dilaton field, from eqs. (6.20), (6.23), (6.22) and (6.17) we get (see also [24]) k = 1 2 √ 3λ^′α , q = 2 3 , σ̃(y) = − 32k 3 , Λ_b = −ϵ(y) = 10k^2 , (6.24)

where λ^′ = 1/8g^2_s . These values are well consistent with both the R-S brane world scenario and 5-dimensional string theory amplitudes. In the former case the bulk cosmological constant Λ_b(= 10k^2) appears to have opposite sign than that of the brane tension σ̃(= −32k/3) to ensures the positive tension brane at y = 0, and in the latter case the required values and relations among the conformal weights of dilaton coupling in the 5-dimensional string theory are satisfied with the proper choice of λ^′ or α or both.

A possible solution of eq. (6.12) as

k_+ = −k_− = k = e^{−nΦ0/2} 2 √ λ^′α , (6.25)

can be associated to the RS solution. This also reproduces the correct sign of conformal weight of the dilaton couplings as in the string amplitude computations. One has in this case m = −5n = 4 3 , q = 8 15 , σ̃ = −8k , Λ_b = 6k^2 . (6.26)

Further with k_+ = −k_− = e^{−nΦ0/2}/ √ λ^′α, one gets m = 10, n = 4/3, q = 32/15, σ̃ = 4k and Λ_b = −12k^2.

Finally, for the solution k^2_+ + k^2_− = e^{−nΦ0} /2 √ λ^′α, but k_+ ≠ −k_−, one has from eq. (6.19) that m + 5n = 0 and m(1 − 4λ^′αe^{nΦ0} k^2_±) = 0. This implies that m = −5n = 0, which from eq. (6.21) further implies that q = 0. For the trivial dilaton couplings these results somewhat contradict to those of ref. [20], where there exists some dependence of k_± on ϵ(y)(= −Λ_b) for non-trivial α and λ^′. Similar conclusions have recently been made in [24] and the solutions for linear dilaton with the trivial case m = n = q = 0 is also generalized. However, there are no solutions of the bulk equation (6.12) other than mentioned above but still holds the equality k^2_+ + k^2_− = e^{−nΦ0} /2 √ λ^′α. Hence, we are in a dilema if the two solutions of (6.16) are linearly independent. The case of linear dilaton with m = n = q = 0, V (Φ) = 0 and ϵ(y) = V(Φ), dilaton super potential is studied in [19].

6.3 Linear dilaton: time dependent solution Our starting point for this subsection is also the string-inspired low energy effective action in the higher derivative model without torsion However, unlike the previous subsection, here we assume a simple dilaton-gravity coupling also with the curvature scalar (R) and confine ourselves to the 5-dimensional spacetime. Thus,

S_M = ∫ d^5x √ −ge^{−2Φ} { R + λ^′α(R^2 − 4R_{AB} R^{AB} + R_{ABCD}R^{ABCD}) − − 4(∇Φ)^2 − V (Φ) } , (6.27)

where V (Φ) is the dilatonic potential which we again set zero. The inflationary solutions to the above action by considering a conformally flat Friedmann-Robertson- Walker metric were realized in [23], where the extra dimensions are equally treated as large as the usual 3 spatial dimensions. But this is not the case we are considering. We assume the background metric in the following form:

ds^2 = −dτ^2 + e^{−2U(τ,y)}δ_{ij} dx^idx^j + e^{−2W (τ,y)}(dr^2 + r^2dΩ^2_{n−1}) , (6.28)

where dτ is the conformal time interval, so that the usual (3 + 1)-dimensional metric can be expressed in the form e^{−2U(t,y)}η_{μν} dx^μdx^ν , the indices i, j denote the spatial indices 1, 2, 3. We solve the field equations in D = 5-dimensional space-time with a specific choice of the ansatz U^{−1}(τ, y) = W (τ, y). This choice may be realized for the inflationary solutions with the expanding external space and contracting internal spatial dimensions, which should also be true in brane set up where as the brane inflates the extra bulk coordinates get contracted. However, this may not be the case with stable non-compact extra dimensions. We concentrate only on the case with n = 1. Assuming the usual 3-dimensional space as homogeneous and isotropic, the 5-dimensional effective action reduces to the form:

S_M = ∫ dτe^{−2Φ}e^{−2U} { 2H^2 + Ḣ + Φ̇^2 − 6λ^′α(2ḢH^2 + H^4) } , (6.29)

where dot denotes the differentiation ∂/∂τ and we have defined −U̇(τ) = H(τ), the Hubble parameter. The corresponding field equations for the scale factor and dilaton field are Φ̈ − Φ̇^2 + 2H^2 + Ḣ + 2HΦ̇ − 6λ^′α(2ḢH^2 + H^4) = 0 , (6.30) Φ̈ − 3Φ̇^2 + 6λ^′α{H^4 + 2H^2Ḣ − 4Φ̇H^3 − 4HḢΦ̇ − 2H^2(Φ̈ − 2Φ̇^2)} = 0 . (6.31)

Indeed, one can modify the action (6.24) by adding a boundary term so that it does not contain the second derivative of H. However, here we solve the above two equations for a linear dilaton field with the constant Hubble parameter, i.e. Φ̇ = υ = constant, H = H_0 = constant. and obtain the following exact real solution: (i) the trivial solution corresponds to H_0 = 0, Φ̇ = 0, and (ii) the non-trivial real solution implies

H_0 = 1 2 √ 2λ^′α , 1 √ 2λ^′α , (6.32) υ = { 1 + √ 3(1 − 2λ^′αH^2_0 ) } H_0 . (6.33)

There could be a pair of imaginary solutions both to H_0 and υ, but we discard them. The above solutions could be physically more meaningful as compared to the solutions found in [23], in the sense that one needs either of the coupling constants λ^′ or γ_3 (see the ref. [23]) to be negative. If one judges the action from string low energy effective action and the required relations among Gauss-Bonnet couplings α, β, γ, a somewhat unphysical relation persists, otherwise in their solution the Hubble parameter becomes imaginary but this is not the case in our solution. Further, the metric ansatz chosen in [23] is conformally flat FRW type and is somewhat unphysical to explain the inflationary solutions, in the sense that the extra spatial dimensions equally inflate during the inflationary epoch. But in our parametrization, the extra spatial dimensions get contracted when the usual 3-brane world volume expands.

7. Discussions and outlook

The background metric with the Ricci constant curvature would imply a constraint equation in the theory of higher derivative gravity which defines the bulk space-time geometry as AdS(dS). We have studied various solutions of the higher derivative gravity in the brane background by considering the string inspired effective actions in the Gauss-Bonnet combination. The defect solutions in higher dimensions known to the Einstein equations are generalized by including the contribution of higher-curvature terms into the field equations and the general metric solutions that correspond to planar defects are obtained. The string inspired higher derivative gravity theory in the dilatonic Gauss-Bonnet combination is shown to be consistent to the RS type non-factorizable geometry and the conformal weights of the dilatonic couplings in the string amplitude computations with the proper choice of free parameters of the theory. Discussed is also time dependent dilaton solutions in some version of string inspired higher derivative gravity theory.

There are few interesting topics which deserve future investigations. One of these is to extend the sections 5 and 6 to explain the different brane-world blackhole (BH) solutions without and with dilaton. One such solution as Schwarzscild AdS_5 black-hole in the background of constant Ricci curvature space-time is realized in ref. [28]. However, it is also important to further explore other BH solutions, with more general metric ansatz in the curved and flat brane background. It is also interesting to investigate the cosmological implications of the higher derivative theory of the type considered in section 6.1–6.2.

Acknowledgments

The author is greatful to Prof. Y.M. Cho for the constant encouragement. The author would like to thank S.-H. Moon for the numerous discussions. He would also like thank C. Nunez, S. Odintsov and I. Antoniadis for the comments and important remarks. This work is supported in part by the BK21 project of the Ministry of Education, Korea.

References

[1] B.S.De Witt, Dynamical theory of groups and fields, Gordon and Breach, New York 1965.

[2] C. Wetterich, Spontaneous compactification in higher dimensional gravity, Phys. Lett.

B 113 (1982) 377; Q. Shafi and C. Wetterich, Cosmology from higher dimensional gravity, Phys. Lett. B 129 (1983) 387.

[3] Modern Kaluza-Klein theories, T. Appelquist, A. Chodes and P.G. Freud eds., Addison Wesley, 1987.

[4] L. Randall and R. Sundrum, An alternative to compactification, Phys. Rev. Lett. 83 (1999) 4690 [hep-th/9906064].

[5] V.A. Rubakov and M.E. Shaposhnikov, Do we live inside a domain wall?, Phys. Lett.

B 125 (1983) 136;

K. Akama, An early proposal of ‘brane world’, Lect. Notes Phys. 176 (1982) 267 [hep-th/0001113];

M. Goberashvili, Four dimensionality in noncompact Kaluza-Klein model, Mod. Phys. Lett. A 14 (1999) 2025 [hep-ph/9904383];

M. Visser, An exotic class of Kaluza-Klein models, Phys. Lett. B 159 (1985) 22 [hep-th/9910093].

[6] N. Arkani-Hamed, S. Dimopoulos and G. Dvali, The hierarchy problem and new dimensions at a millimeter, Phys. Lett. B 429 (1998) 263 [hep-ph/9803315]; I. Antoniadis, N. A.-Hamed, S. Dimopoulos and G. Dvali, New dimensions at a millimeter to a fermi and superstrings at a TeV, Phys. Lett. B 436 (1998) 257 [hep-ph/9804398];

N. Arkani-Hamed, S. Dimopoulos, G. Dvali and N. Kaloper, Infinitely large new dimensions, Phys. Rev. Lett. 84 (2000) 586 [hep-th/9907209].

[7] C. Csáki, J. Erlich, T.J. Hollowood and Y. Shirman, Universal aspects of gravity localized on thick branes, Nucl. Phys. B 581 (2000) 309 [hep-th/0001033].

[8] T. Gherghetta and M. Shaposhnikov, Localizing gravity on a string-like defect in six dimensions, Phys. Rev. Lett. 85 (2000) 240 [hep-th/0004014];

T. Gherghetta, E. Roessl and M. Shaposhnikov, Living inside a hedgehog: higherdimensional solutions that localize gravity, hep-th/0006251.

[9] I. Oda, Localization of matters on a string-like defect, hep-th/0006203;

T. Gherghetta, E. Roessl and M. Shaposhnikov, Living inside a hedgehog: higherdimensional solutions that localize gravity, hep-th/0006251; I. Oda, Localization of gravitino on a brane, hep-th/0008134.

[10] A. Chodos and E. Poppitz, Warp factors and extended sources in two transverse dimensions, Phys. Lett. B 471 (1999) 119 [hep-th/9909199].

[11] A.G. Cohen and D.B. Kaplan, Solving the hierarchy problem with noncompact extra dimensions, Phys. Lett. B 470 (1999) 52 [hep-th/9910132].

[12] R. Gregory, Nonsingular global string compactifications, Phys. Rev. Lett. 84 (2000) 2564 [hep-th/9911015].

[13] J. Garriga and M. Sasaki, Brane-world creation and black holes, Phys. Rev. D 62 (2000) 043523 [hep-th/9912118].

[14] I. Olasagasti and A. Vilenkin, Gravity of higher-dimensional global defects, Phys. Rev.

D 62 (2000) 044014 [hep-th/0003300].

[15] L. Anchordoqui, C. Nunez and K. Olsen, Quantum cosmology and AdS/CFT,

hep-th/0007064.

[16] K.S. Stelle, Renormalization of higher derivative quantum gravity, Phys. Rev. D 16 (1977) 953.

[17] M.B.Green, J.H. Schwartz and E. Witten, Superstring theory, Cambridge University Press, Cambridge 1987.

[18] S. Nojiri and S.D. Odintsov, Brane-world cosmology in higher derivative gravity or warped compactification in the next-to-leading order of AdS/CFT correspondence, J. High Energy Phys. 07 (2000) 049 [hep-th/0006232].

[19] I. Low and A. Zee, Naked singularity and Gauss-Bonnet term in brane world scenarios, Nucl. Phys. B 585 (2000) 395 [hep-th/0004124].

[20] J.E. Kim, B. Kyae and H.M. Lee, Various modified solutions of the Randall- Sundrum model with the Gauss-Bonnet interaction, Nucl. Phys. B 582 (2000) 296 [hep-th/0004005].

[21] R.R. Metsaev and A.A. Tseytlin, Order α^′ (two loop) equivalence of the string equations of motion and the sigma model weyl invariance conditions: dependence on the dilaton and the antisymmetric tensor, Nucl. Phys. B 293 (1987) 385; A.A. Tseytlin, Heterotic-type-I superstring duality and low-energy effective actions, Nucl. Phys. B 467 (1996) 383 [hep-th/9512081].

[22] E.S. Fradkin and A.A. Tseytlin, Quantum string theory effective action, Nucl. Phys.

B 261 (1985) 1;

D.J. Gross and J.H. Sloan, The quartic effective action for the heterotic string, Nucl. Phys. B 291 (1987) 41.

[23] A.L. Maroto and I.L. Shapiro, On the inflationary solutions in higher-derivative gravity with dilaton field, Phys. Lett. B 414 (1997) 34 [hep-th/9706179].

[24] N.E. Mavromatos and J. Rizos, String inspired higher-curvature terms and the Randall-Sundrum scenario, hep-th/0008074.

[25] G. Dvali, I.I. Kogan and M. Shifman, Topological effects in our brane world from extra dimensions, Phys. Rev. D 62 (2000) 106001 [hep-th/0006213].

[26] Y.M. Cho, Higher-dimensional unifications of gravitation and gauge theories, J. Math.

Phys. 16 (1975) 2029.

[27] J. Maldacena and C. Nunez, Supergravity description of field theories on curved manifolds and a no go theorem, hep-th/0007018.

[28] S. Nojiri and S.D. Odintsov, Can we live on the brane in Schwarzschild-anti de Sitter black hole?, hep-th/0007205.